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ABSTRACT
In this article, we find equations to characterize projective equivalence between two special classes of

2 _ 2 —
(a,B)-metrics L=a +f + % and L = % where a and a are two Riemannian metrics and £ and S

are two one forms. Further, we study projective relation between same these two («, 8)-metrics.
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INTRODUCTION

In projective Finsler geometry, we study projectively equivalent Finsler metrics on a manifold, namely, geodesics
are same up to a parametrization. J. Douglas introduces two projective quantities: the (projective) Douglas curvature
and the (projective) Weyl curvature. The Douglas curvature always vanishes for Riemannian metrics and the Weyl
curvature is an extension of the Weyl curvature in Riemannian geometry. Finsler metrics with vanishing Douglas
curvature are called Douglas metrics. Roughly speaking, Douglas metrics are locally projectively Finsler metrics.
Douglas metrics form an important class of metrics in Finsler geometry. Two Finsler metrics L and L on a manifold
M are said to be projectively equivalent if they have the same geodesics as point sets.

Two regular metrics on a manifold are said to be pointwise projectively related if they have the same geodesics as
point sets. The projective relation is said to be trivial if the corresponding sprays are equal. Two regular metric
paces are said to be projectively related if there is a diffeomorphism between them such that the pull-back metric
metric is pointwise projective to another one. The projective changes between two Finsler spaces have been studied
by many geometers [4] [9] [10] [11].

An (a, §)-metrics form a special and important class of Finsler metrics which can be expressed in the form L =
a@(s), s = f/a, where a = a(x,y) = /aij(x y)yiyJ is a Riemannian metric, 8 = B(y) = b;(x)y‘ isa 1-form
on M™ and qb(s) is a C* positive function on some open interval. In particular, when ¢(s) = 1/s, the Finsler
metric L = ? is called a Kropina metric. Kropina metrics were first introduced by L. Berwald in connection with a

twodimensional Finsler space with rectilinear extremal and were investigated by V. K. Kropina. They together with
Randers metrics are C-reducible. However, Randers metrics are regular Finsler metrics but Kropina metrics are non-
regular Finsler metrics.

S. Bdcsé et al studied curvature properties of (a, 8)-metrics and also studied Finsler spaces of Douglas type [1] [2],
X. Cheng and Z. Shen worked On Douglas metrics [3], and also Shen et al studied On a class of Douglas metrics

[6].
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The purpose of this paper is to study projective equivalence between two (a, §)-metrics, and also we work on
projective relation between the two (a, 8)-metrics.

PRELIMINARIES
The terminology and notations are referred to [7] [8]. Let F* = (M, L) be a Finsler space on a differential manifold

M endowed with a fundamental function L(x, y). We use the following notions:
a) 9ij =% ala]LZ' al = aiyi'
b) Cijk =% 0% 9ij»
¢) hy=gij— Ll
d) Vjik = %gir(ajgrk + 0k Grj — argjk):
e G'=Sviyly* Gl =0,6LG} = 6k}, Gly = 0,

The concept of (a, §)-metric L(a, 8) was introduced in 1972 by M. Matsumoto and studied by many authors. The
Finsler space (M, L) is said to have an (a, 8)-metric if L is a positively homogeneous function of degree one in two
variables a? = a;;(x,y)y'y’ and B = b;(x)y".

A change L — L of a Finsler metric on a same underlying manifold M is called projective change if any geodesic in
(M, L) remains to be a geodesic in (M,L) and viceversa. We say that a Finsler metric is projectively related to
another metric if they have the same geodesics as point sets. In Riemannian geometry, two Riemannian metrics a
and & are projectively related if and only if their spray coefficients have the relation [3]

GL = GL + A ky*yt,
Where 1 = A(x) is a scalar function on the based manifold and (x‘,y’) denotes the local coordinates in the tangent
bundle TM.

Two Finsler metrics L and L are projectively related if and only if their spray coefficients have the relation [3]
Gl =G '+ P(y)y,

Where p(y) is a scalar function on TM \ {0} and homogeneous of degree one in y. A Finsler metric is called a
projectively flat metric if it is projectively related to a locally Minkowskian metric.

For a given Finsler metric L = L(x,y), the geodesic of L satisfy the following system of differential
equation:

i 26 dx) =0

. , dt? ae) T

where G = G'(x,y) are called the geodesic coefficients, which are given by,

o1
G =5 g myry™ = (1)1}

Two Finsler metrics L and L on a manifold M are said to be (pointwise) projectively related if they have the same
geodesics as point sets. The equivalent condition has been characterized using spray coefficients.
By the definition, an (a, 8)-metric is a Finsler metric expressed in the following form,

_ _F
L=ap(s), s= o

where ¢« is a Riemannian metric and B is a 1-form with ||B, || < by, xeM. The function ¢(s) is a C* positive
function on an open interval (—b,, by) satisfying
¢(s) —s¢'(s) + (b* —s*)¢"(s) >0, |s| <b <b,.

_ 2
For Kropina metric L = % it is easy to see that it is not a regular (e, 8)-metric but the relation ¢(s) —s¢’(s) +

(b? —s?2)¢" (s) > 0 is still true for [s| > 0. In this case, the fundamental form of the metric tensor induced by L is
positive definite.
Let

1 1 .
ryj =5 (buj+bye). sy =5 (byj +ba) mi— b,
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where b;,; means the coefficients of the covariant derivative of B with respect to a. and put ryy = r;;y'y/, 1, =
1y, s = suy', so = blsy, etc.

The geodesic coefficients Gi of F and geodesic coefficients G} of « are related as follows
G = Gl + aQsh + O{~2Qasy + 1o} %+ P{—2aQso + roo}b, 2.1)

where, si = a'*s;; and
Q - S¢”
_ _ 99'-s(¢9"+¢'9")

2¢((p—sp")+(b2-s2)¢"")’
lp _ ¢H

2((p-sdp")+2-s2)9"")
Definition 2.1. Thetensor D = Dj;,0; ® dx' ® dx* @ dx', where

) 03 . 1 ac™ .
DL, =——(G'— —y!
KL gyigykat n+1dy™
is called the Douglas tensor. A Finsler metric is called Douglas metric if the Douglas tensor vanishes.
One can see that the Douglas tensor is a projective invariant and it is a non-Riemannian quantity i.e., it is
vanishes for Riemannian metrics.
Ningwei Cui and Yi-Bing Shen in [10], defined the Douglas tensor of a general («, 8)-metric as

; a3 p_ 1o i
Djy, = W(T n+1oymY ) (22)
where _
T! = aQsd + P{—2Qasy + 1y }b". (2.3)
and
T;Tln = Q'so + P at(b? = s)[r — 2Qase] + 2¢[ry — Q'(b* — 5*)s — QsSo]. (2.4)

In the sequel, we use quantities with a bar to denote the corresponding quantities of the metric L.
Let L and L be two (e, 8)-metrics, we assume that they have same Douglas tensor i.e., D}, = D},. From (2.2), we
have

93 . . 1 m =m i

W(Tl —-T'— E(Tym - ym)> y1 = 0.
Then there exists a class of scalar functions H}k = H}k (x), such that

(17T o (=T ) v = B (25)
where Hj, = Hjik(x)yf yk, Tt and Tym ym are given by (2.3) and (2.4) respectively.
PROJECTIVE EQUIVALENCE BETWEEN TWO (a, B)-METRICS
In this secttion, we find he projective equwalence between First approximate Matsumoto metric and Kropina metric,
thatis, L = a + ﬁ + = and L= ? on a same underlying manifold M of dimension N > 3. For (a, 8)-metric

L=a+f+ ; , L is a regular Finsler metric if and only if 1-form B satisfies the condition ||B,[| < 1, for any
xeM. the geodesic coefficients are given by (2.1) with

1+2s
Q= 1-s2’
_ 1-352-4s3
T 2(1+s+s2)(1-3s2+2b2)’
Y= 1-3s242b2" 3.1
_ =2
For Kropina metric L = % , the geodesic coefficients are given by (2.1) with
1
Q - %l
@ = b_z'
1
Y= (3.2)
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2
Lemma 3.1. Consider the two (a, B)-metrics, that is, First approximate Matsumoto metric L = a + 8 + - and

_ =2
Kropina metric L = % on a manifold M with dimension n = 2. Then they have the same Douglas tensor if and
only if both the metrics L and L are Douglas metrics.

Proof: Firstly, we prove the sufficient condition. Let L and L be Douglas metrics and corresponding Douglas tensors

be Dy, and Dj}; . Then by the definition of Douglas metric, we have D}, = 0 and D}, = 0, i.e., both L and L have

same Douglas tensor. Next, we prove the necessary condition. If L and L have the same Douglas tensor, then (2.5)
holds. Substituting (3.1) and (3.2) into (2.5), we get the following,

Ala® + Ba® + Cla’” + Dia® + E'a® + Fla* + Gla® + H'a? + ]! N Al@? + Bt

Ka® + La® + Ma® + Na? + P 25ep - oo
(3.3)
Al = (1 + 2b?){s5(1 + 2b?) — 25,b'},
Bf = (14 2b»){2B{si (1 + 2b?) — 2s4b'} + roob® — 22yi(s, + 1)},
Ci = = {s{(7 + 4b2(4 + b)) — 4s,{Bb (2 + b?) + 32yb?}},
D! = B{2B{—(1 + 2b?)(7 + 2b?)sif + AyH{5(sy + 1) + 4b?(4sy + 1)} + 4sob B(b? + 2)} — 1ro0{b (5 +
4b%)B + 6b2 1y},
Et = 3B3(B{si(5 + 4b?) — 2s,b'} — 4s,(b? + 1)Ay'},
Fi=p3 {6,82{(5 +4b?)sh — 2s4b'} + bIB(7 + 2b%)1yg — 24yH{r(7 + 2b) B — 3150(2b% + 1) + (19 +
14b)s,}},
G' = 3B°{4sody" — 350},
H' = =3B%(B(556B + roob") — 24y (b + 2100 — B(5s0 + 7o)},
Jt = 610087 y", (3.4)
and
K = (1+ 2b?)?,
L =—4B%(1+ 2b*)(2 + b?),
M = B*{(1 + 2b%)? + 3(8b? + 7)},
N = —12B5(b? + 2),
P =9p8, (3.5)
and also,
A" = (b%5) — 5ob"), B
B = B{22y" (7o + 50) — Toob'}. (3-6)

Here 1 = ﬁ Further, (3.3) is equivalent to,
{Ala® + Ba® + C'a” + D'a® + Ea® + Fla* + G'a® + H'a? + J'}(2b%p)
+(A'a? + BY(Ka® + La® + Ma* + Na? + P)
= Hi,(2b%B) (Ka® + La® + Ma* + Na? + P). (3.7)
Replacing y* by - y? in (3.7), we get
{—Aia® + Ba® — C'a’ + D'a® — E'a® + Fla* — Gia® + H'a? + J'}(—2b2p)
—(A'a@* + BY)(Ka® + La® + Ma* + Na? + P)

= Hiy(=2b%B) (Ka® + La® + Ma* + Na? + P). (3.8)
Addition of equation (3.7) and (3.8) we have,
{dia® + Cla’” +Ela® + Gla® }(b?B) = 0. (3.9)

From equation (3.9), we obtain
Ata® + Cla” + E'a® + Gla® = 0.
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Thus, we conclude that (3.3) is equivalent to, B ~
Ba® +D'a® + F'a* + H'a® + ] +A’5(2 +B"
Ka® + La® + Ma* + Na? + P 2b2p

(3.10)
equation (3.10) is similar to
{Ba® + D'a® + Fla* + H'a? + J'}(2b%B) + {A'@® + B'{Ka® + La® + Ma* + Na? + P}

= Hi,(2b2B){Ka® + La® + Ma* + Na? + P}
From this, we observed that A‘@?{Ka® + La® + Ma* + Na? + P} can be devided by . Since g = uf then
Al@?Ka® can be devided by f is prime withrespect to a and @, thus, A* = b?55 — b3, can be devided by . Hence,
there is a scalar function ¢(x) such that

b?5t — b?5, = fo'. (3.11)
Contracting (3.11) by ¥* = a;;y/ , we have ¢'(x) = —5'. So we get
Sij = 5—12(51-5‘; - b;5) (3.12)

— 72 —
Thus, By Lemma 2.2 [4], L = % is a Douglas metric. Since L and L have the same Douglas tensor, both of them
are Douglas metrics. Now we prove the main result:

2 _ =2
Theorem3.1l. LetL=a + f + - and L = % be two (a, £)-metrics on an n-dimensional manifold M(n > 3),

where a and @& are two Riemannian metrics, 8 and § are two one-forms. Then L is projectively equivalent to L if
and only if they are Douglas metrics and the geodesic coefficients of a and & have the following relation:

o I .
GL+thta? =Gt + ﬁ(azs‘ + Toobt) + 0y1,

where bt = a¥/ b;,b' = @V b;,b? = ||E||; and T = 7(x) is a scalar function and 6 = 6,y!, & = &' are 1-

form on M.

Proof: First we prove the necessary condition. If L is projectively egivalent to L, they have the same Douglas

tensor. By Lemma 3.1, we know that L and Lare both Douglas metrics. We know that by [9] First approximate
Matsumoto metric is a Douglas metric if and only if

bi;j = T{(l + sz)aij - 3blb]}, (313)

where, T = t(x) is a scalar function on M. In this case, g is closed. Plugging (3.13) and (3.1) into (2.1) we get,
. . 3_3 :82_4':83 . .

Gl =Gl + {m} Tyt + thia?. (3.14)
On the other hand, Substitute (3.12) and (3.2) into (2.1) which gives, .

g‘i =GL— #{—&2? + (28,1 — 7ob?) + —"‘;’fy } (3.15)
By the projective equivalence of L and L again, there is a scalar function P = P(x,y) on TM\{0} such that

G'=G'+ Py’ (3.16)

From (3.14), (3.15) and (3.16) we obtain,
a’-3aB?-4p3 1 (_ TooB i
{P - {2(a2+a+,8+[32)} =5 {SU t }}yl
= GL — GL+1h'a? — — (@5 + Fyb') . (3.17)
Note, the RHS of (3.17) is a quadratic in y. Then there exists a 1-form 6 = 8, (x)y‘on M such that

a® —3ap? — 463 (. 7B, _
[P_{z(az+a+ﬁ+ﬁ2)}T_E_2{S°+?}}y =6

Thus, we get
G +Tbia? = Gl + - (@25' + 7oob") + 0y, (3.18)
Thus, completes the proof of necessity. Conversly, By (3.14), (3.15) and (3.18) we obtain,
. a3-3ap?-4p33 1 (- TooB ;
Gl—Gl+{9+{m}T—ﬁ{So+ 22 }}yl (319)
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Hence L is projective equivalent to L. This completes the proof of the Theorem.
We obtain immidiately from the above Theorem 3.1

2 — =2
Proposition 1. Let L=a +  + 7and L= % be two (a, £)-metrics on an n-dimensional manifold M(n > 3),

where o and @ are two Riemannian metrics, 8 and 3 are two one-forms. Then L is projectively equivalent to L if
and only if the following equations holds

. . . 1 . _. .
GL+thia® = GL + 2 (@25 + Toobt) + 0y,
bi;j = T{(l + sz)ai}- - 3blb]},
_ 1 - -
S =72 (bi3) — b;51),
where b;;; denote the coefficient of the covariant derivatives of S with respect to a.

PROJECTIVELY RELATED TWO (a, B)-METRICS

2 —
In this section, we study First approximate Matsumoto metrics L = a + 8 + ~ and Kropina metric L = are

=I| ],

projectively related.

2 _ =2
Theorem 4.1. Let L=a + f +% and L = % be two (a, B)-metrics on an n-dimensional manifold M(n > 3),

where a and @ are two Riemannian metrics, 8 and S are two one-forms. Then L is projectively related to L if and
only if
1. «ais projectively related to a.
2. bi:j = T{(l + 2b2)aij - 3blb]},
3. Bisclosed.
Proof: Firstly we show that necessary condition. ~
Since Douglas metric is an invariant under change between two Finsler metrics. If L is projectively related to L, then
they have same Douglas tensor. From above third section we get that L and Lare Douglas metrics. We know that
2
L=a+p+ % is a Douglas metrics if and only if
bi;j = T{(l + 2b2)aij - Sblb]} (41)
Plugging (4.1) into (2.1) with (3.1) yields
i _ i a-3ap?-4p3) P2
G'=Gy+ T{{Z(a2+a+[>’+ﬁ2)}y }-l-‘[b a“.
(4.2)
Since B is closed, s;; = 0. Thussf = Oand s, = 0.
So, from (2.1) and (3.2) we have,

 G=Gh+ iy (4.3)
Since, L is projectively related to L, there is a function P = P(y) on TM™\{0} such that
G'=G'+Py'. (4.4)
From (4.2), (4.3) and (4.4) we have,
i _ Ai _ [fooB _ (a3-3ap%-4p3 i Yoo _ 2] pi
Gq = Go = {aZEZ {2(a2+a+ﬁ+ﬁz)}T + P}yl + {252 Ta }bl' (4.5)

The LHS of the above equation is a quadratic form then, there exists a one form 6 = 6;y*
and & = &y' on M such that,

T 3_3 2_4 3
wh [ @ Z3af 4 | oy,
a2b?  (2(@®+a+B+B?)
Too _ -2 =
o —ta? =¢. (4.6)
Then we have,
GL = GL+0y' + &bl 4.7

This completes the proof of necessity. For the sufficiency, we notice that f is closed. It suffice to prove that a is
projectively related to &@. From (4.2), (4.3) and (4.7) we have,
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G'=GL+ 0y + &bt (4.8)
i.e., a is projectively related to &.

CONCLUSION

Two Finsler metrics L and L are projectively equivalent if and only if their geodesic coefficients have the following

relation:

G'=G'+P(x,y)y",

where P(x,y) is a scalar function on TM\{0} with P(x, Ay) = AP(x,y), 1 > 0.

In Finsler geometry, there are several important classes of Finsler metrics. Douglas metrics form a rich class of

Finsler metrics including locally projectively flat Finsler metrics. The study of Douglas metrics will enhance our

understanding on the geometric meaning of non-Riemannian quantities.

In the present paper, we proved projective equivalence and relation between First approximate Matsumoto metric

L=a+f+ %2 and Kropina metric L = %;
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